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Abstract
This work investigates the entrainment and synchronisation in stick – slip oscillators. A spring – mass placed on a uniformly
moving belt in the presence of friction is taken as the model and a cubic Stirbeck friction curve is considered. The entrainment of
the oscillator is studied both in its stick – slip phase and pure slip phase. It is seen that entrainment in stick – slip phase is realized
by gradually eliminating the stick phase; the entrained oscillator undergoes pure slip oscillations. But in pure slip phase, external
force introduces a stick phase which gradually disappears on total entrainment. It is also shown that entrainment in both phases is
accompanied by a decrease in oscillator amplitude. It is further shown that the critical force needed for entrainment is higher in
the stick – slip phase than in the pure slip one. In coupled stick – slip oscillators, detuning is considered in belt velocities and here
too  mutual synchronisation is accompanied by decrease in amplitude.
© 2016 The Authors. Published by Elsevier Ltd.
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1. Introduction
Discontinuous mechanical oscillators, characterized by qualitatively different vector fields at different areas of
the state space, have attracted considerable research interest in recent years. One such oscillator consists of a spring-
mass system placed on a moving belt in the presence of Coulomb friction. The presence of Coulomb friction
between the mass and the moving belt makes it a self-excited system which results in stick-slip oscillations
involving alternating sliding and sticking phases for appropriate belt velocities. The practical applications of such
stick-slip motion are evident in brake systems, robot joints, turbine blade joints, electric motor drives and so on.
Andreaus and Casini[1]have presented the governing equation for this model involving three phases: stick, slip, and
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stick to slip transition. Analytical estimates of the amplitude of oscillation and frequency in the stick and slip phases
were given by Thomsen and Fidlin[2] with the combined use of normal perturbation techniques and averaging.
Agarwal and Banerjee[3] studied the bifurcation in mass on a moving belt including the special case of border
collision bifurcation.
Coupled self-excited systems which are known to show an important dynamical phenomenon termed as
synchronization which can be understood as the adjustment of rhythms of these oscillators due to their weak mutual
interaction. The phenomenon of synchronization in coupled self-excited oscillators has been extensively
documented [4, 5] but they focus mainly on continuous oscillators like the van der Pol systems. Synchronisation of
coupled discontinuous oscillators has not received similar level of interest. Discontinuous self-excited oscillators
such as stick – slip oscillators are of practical interest in many areas like stick-slip motion in automobile brakes,
machining dynamics and so on. For example, it would be interesting to consider whether the stick motion in one
wheel of an automobile when brakes are applied have any chance of being transmitted to the other wheel via the
coupling provided by the axle. If this is the case, it can be very dangerous as it would lead to both the wheels getting
stuck, resulting in decreased efficiency of the brakes. But such synchronization behaviour can also be potentially
exploited to eliminate sticking in brakes if we let the completely slipping wheel to entrain the sticking one and force
it to come out of this phase.
This paper deals with the entrainment (synchronisation with an external force) and mutual synchronisation of
stick – slip oscillators. Entrainment of a liner spring-mass system placed on a moving belt by an external harmonic
force is studied first. The different routes through which entrainment is attained in stick-slip and pure slip oscillators
are studied in detail. The effect of entrainment on the amplitude of oscillation is quantified and the ways in which
entrainment can be used as a control mechanism is explored. The mutual synchronisation of two stick-slip
oscillators is studied next and the effect on the amplitude is also quantified. The paper is arranged as follows. The
coupled stick-slip oscillator under study and its governing equations are introduced in section 2. Section 3 concerns
itself with the entrainment of stick-slip systems by a harmonic force and section 4 outlines their mutual
synchronisation. Section 5 presents the main conclusions.
2. Mathematical Model and Governing Equations
2.1 Stick – slip oscillator under harmonic forcing
Fig. 1 represents a mass M placed on belt moving with a constant velocity Vb. The mass is acted upon by an
external harmonic force. The governing equation of motion, in non-dimensional form, is given by
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Fig. 1. Harmonically forced mass on a moving belt.
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Here,
ˆ
dx
x
dt
 denotes the non-dimensional velocity of the mass at non-dimensional time tˆ . A Stirbeck friction
curve is considered [6, 7] in which
3
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s m
m
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Here,  is the coefficient of static friction and refers to the velocity corresponding to the minimum coefficient
 of kinetic friction. The dynamics of the unforced stick – slip oscillator (f = 0) has been studied by Thomsen and
Fidlin [2, 8]. Three regimes were identified based on belt velocity. When 0b bv v , the mass undergoes stick – slip
vibration and when 0 1b b bv v v  , it undergoes pure slip oscillations. If the belt velocity 1b bv v , the mass
undergoes pure sliding. Analytical expressions for these critical velocities have also been arrived at.
2.2 Coupled stick – slip oscillators
The governing equation of motion of the mutually coupled version of the stick – slip oscillator which consists of
two masses, each placed on different moving belts, coupled together by a linear spring of stiffness kc, each placed on
a belt moving with uniform velocity.
Fig. 2. Coupled mass on a moving belt model
The equation of motion of the first mass in the non dimensional form is
1 2 2
1 1 1 1 1 1 1
11 22 1
2 ( ) 0c cb b
K x K x m
x v x x v
k k m
β μ        for 1 1bx v	 (slip phase) (6)
1 0x  ; 1 2 21 1 1 1
11 22 1
2 c cb s
K x K m x
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k k m
β μ    for 1 1bx v (stick phase) (7)
3. Entrainment of stick – slip oscillators
To understand the dynamics and frequency content of the unforced system, its state-space and frequency plot for
F = 0 is given in figure 3. The parameters used are given in Table 1. With these parameter values, the critical
velocities are [2] 0 0.3944bv  and 1 0.44bv  . It is evident that the belt velocity of 0.3 is lesser than the first
critical velocity and hence the oscillation is stick – slip in nature. The frequency of the external force is fixed at
1.3ω  and hence the detuning in frequency between the oscillator and the force is 1.3 0.9756 0.3244ω   
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3.1 Entrainment in stick – slip phase
For the oscillator given in Fig. 3, which undergoes stick–slip oscillations, the amplitude of the external force is
increased in steps to study the mechanism by which the force entrains the oscillator. The state space and frequency
plot for different values of forcing amplitude is given in Fig. 4. The parameter values are given is Table 1. It is very
clear from the figure that the oscillator is entrained by the force as the amplitude of the force is increased. At F = 10,
it is seen that (Fig. 4(h)) the response frequency of the oscillator is equal to the forcing frequency. Another
important
 
Fig. 3 (a) FFT of mass on a moving belt model without external excitation. (b) with external excitation, all parameter values are same.
conclusion that can be drawn from figure 4 is that entrainment is accompanied by the disappearance of the stick
phase from oscillator dynamics. As the amplitude of force is increased, the response frequency begins to move
closer to the forcing frequency and the stick phase starts decreasing. Fig. 4(g) clearly shows that the entrained
oscillator undergoes pure slip oscillation.
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Fig. 4. The state space and frequency plot for different values of f, other parameter values given in table 1
Table 1: Parameter values used for entrainment studies
Sl.  No. Parameter Parameter Value
Stick-slip regime Pure slip regime
1 0.05 0.05
2 0.5 0.5
3  0.25 0.25
4  0.4 0.4
6  (rad/s) 1.3 1.3
7 0.3 0.44
Fig. 5 Variation of amplitude of stick – slip oscillator with the force.
Figure 5 shows the variation of the amplitude of oscillation in stick slip regime with increase in forcing amplitude. It
is obvious from graph that entrainment causes the amplitude of vibration to decrease. This points toward the
possibility of using the mechanism of entrainment to control self excited vibrations.
3.2 Entrainment in pure slip phase
A belt velocity of 0.44 is now taken so that the unforced oscillator undergoes pure slip motion. The state space
and frequency plot for different values of forcing amplitude is shown in figure 6. In this case, the detuning between
the oscillator and the force is 1.3 0.9998 0.3002ω    . It was seen in section 3.1 that entrainment in stick – slip
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phase is brought about by the gradual disappearance of the stick phase. But figure 6 shows that this is not the case in
pure slip phase. The unforced oscillator is in pure slip (figure 6a) and so is the entrained oscillator (figure 6i). But
for intermediate forcing amplitude values, the oscillator develops a stick phase which disappears once it is entrained.
Hence, the entrainment in pure slip phase takes place by passing through a stick phase.
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(i) (j)
Fig. 6. Entrainment on pure slip phase
Figure 7 shows the amplitude of oscillation in pure slip regime with increasing force. It is seen that after
entrainment the amplitude of vibration decreases. For pure slip oscillations amplitude of vibration is very small
compared with stick slip motion. On application of external force, the amplitude of vibration slightly increases and
after entrainment it decreases as in the stick slip regime.
Fig. 7. Variation of amplitude of pure slip oscillator with the force.
3.3 Critical force and belt velocity
Figure 8 shows the variation of the critical forcing amplitude needed for synchronisation for different belt
velocities. The trend is surprisingly similar to the amplitude – belt velocity curve presented by Thomsen and Fidlin
[2]. It is interesting to note that the critical force value follows different trend for stick – slip and pure slip phases. In
stick – slip phase ( 0b bv v ), the critical forcing amplitude increases with belt velocity whereas in pure slip phase (
0b bv v ), it follows the opposite trend.
Fig. 8. Critical force needed for synchronisation as a function of belt velocity
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4. Synchronisation in coupled stick-slip oscillators
This section deals with the mutual synchronisation of stick – slip oscillators. The model and the governing
equations were introduced in section 2.2. The following parameter values are used:
1 2 11 22 1 2 1 2
5, 5, 0.005, 0.3, 0.33b bM M K K v vβ β        . Detuning between the oscillators is introduced by
varying their belt velocities. Figure 9 shows the variation of the frequency and amplitude of the oscillators with the
coupling spring stiffness. It is evident from the frequency plot that synchronisation is attained at the coupling
stiffness of 0.18. Figure 9b makes it clear that the amplitude of oscillation of both oscillators decreases after
synchronisation. Thus, it is seen that decrease in amplitude is a common trend associated with entrainment and
synchronisation.
(a) (b)
Fig. 9. Frequency and amplitude variation of coupled oscillators with coupling stiffness
5. Conclusion
This paper studied entrainment and synchronisation in stick – slip oscillators using a mass on a moving belt
model. Entrainment of this system by a harmonic force whose frequency is different from the unforced response
frequency of the system was demonstrated. It was seen that entrainment was brought about in stick – slip phase of
the oscillator by a gradual disappearance of the stick phase. The entrained oscillator undergoes pure slip oscillations.
In pure slip phase too, the final entrained system undergoes pure slip oscillations. But it was noted that the
intermediate stages show the appearance of stick phase. In both of these cases, the amplitude of oscillation decreases
upon entrainment and this points to the fact that entrainment can be used and a control mechanism in self excited
systems. Synchronisation in mutually coupled stick – slip oscillators was also studied with detuning being
introduced in belt velocities. It was seen that mutual synchronisation also brings about a decrease in amplitude of
both oscillators.
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